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The purpose of this note is to construct periodic solutions of coupled nonlinear one-dimensional 
Schr6dinger equations with periodic boundary conditions in some resonant cases. The nonres- 
onant case has been studied in a previous note (see [1]). Precisely, we consider the following 
equations: 
• Ou 02u 
~ Ot - Ox 2 +q l (x )u+a(x)v+gl (u ,~,v ,~,x ) ,  
.Or 0% (1) 
Ot - Ox 2 + q2(x) v + a(x) u + g2(u, ft, v, ~, x), 
with u(x + ~r, t) = u(x,  t) and v(x  + ~r, t) = v(x, t). 
The nonresonant case is the one for which the linear part of (1) has simple periodic eigenvalues. 
In this note, we consider two examples for which there are double eigenvalues. We suppose that  
ql, q2, a, gl and g2 satisfy the same hypotheses as in [1]. We also use the same notations. We 
suppose that  
gl(u,~,v,v,z)  = ok a(u,~,v,S,x) ,  
g2(u, ~, v, o,z) = oo a(u, e, v, v,z), 
where G(u, ~t, v, S, x) is a real-valued function. 
The function G(z l ,  z2, Z3, Z4,X) is supposed to be periodic in x with period 7~, analytic in the 
domain {(z l ,z2,  z3,z4, z)  E C 5 I[zil < 1, I Imzl < a}, and 
~--~ a~ ~2 ~3 a4 G(z l ,z2 ,z3 ,  z4,x)  : aa(x) z 1 2 2 z 3 z4 
1~1>__4 
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with a = (al, a2, a3, a4) C 1~ 4 and ]a[ = o~ 1 -~- o~ 2 -[- ot 3 -~- c~ 4. Thus, gl and g2 are cubic in u, fi, 
V, '0. 
We still proceed along the lines of the method recently developed by Craig and Wayne (see [2- 
4]) and follow the Lyapunov-Schmidt argument which consists in splitting the problem in a 
resonant finite dimensional piece given by the Q-equation and the remainder of the problem, the 
P-equation, which is infinite dimensional nd contains mall divisors issues. Thus, the difference 
between the nonresonant case and the resonant one appears in the Q-equation which is, in this 
note, of dimension two. 
CASE A. Let us first consider the case where q l (X)  ---- q2(x) = q and a(x) = a with a # 0. 
Then the set of frequencies i  the spectrum of the operator -~-~x + with periodic boundary 
d 2 d 2 conditions. This spectrum is the union of the periodic spectra of -X~,z + q + a and of -~-F~ + 
d 2 q-  a. Let (Aj)~>0 (respectively, (Aj)j>0) be the periodic spectrum of -~-7: + q + a (respectively, 
d ~ + q - a) and (qvj)j>0 (respectively, (~i)j>0) be the associated eigenfunctions. 
A straightforward computation shows that 
Ao=q+a,  Ao=q-a  
and for j > 1, 
A2j =/~2j -1  = 4J 2 + q + a, 
~2j = ~2j -1  = 4J 2 + q - a, 
with 
and for j > 1, 
1 
(fl0(X) = ~0(X)  - -  71_1/2 
e2ijx 
e-2ijx 
~2j - I (X )  = ~2 j - I (X )  - -  71.1/2 " 
Note that for every j >_ 1, Aj and Aj are at least double, and that for all except countably many 
values of a, the dimension of the resonant set N (see [1]) is two. Later on we only consider this 
case .  
Let (fi(j, k))j,kENxZ be the sequence of the coefficients of the eigenfunction expansion of 
+ v(x ,  
- v (x ,  ' = f i t ,  
where (4) is a periodic solution to (1) (see [1, Part B]). 
If we look for periodic solutions to (1) whose frequencies ~ are close to A2jo (J0 > 1), the 
Q-equation is given by 
W(~(p)  -4- ~t(pl,p2, F/)) (4jo, 1) - pl(fl - A2jo) -= O, 
W(~(p)  q- u(pl,P2, fl)) (4jo - 2, 1) - P2 (~'/- A2jo) -- O, 
(2) 
where ~o(p) = Pl ~(4jo,1)+P2 ~(4j0- -2,1) ,  P l ,  P2 two complex numbers, and ~2(pl, P2, gt) C ~2 (N x Z\N)  
is the solution of the P-equation. 
Moreover, we have 
H~(pl,p2, gt)Hm,s < CIIpll 2. (3) 
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Using results of Weinstein (see [5]) and Moser (see [6]), we show that (2) has at least two solutions 
~e([IP][), g = 1 ,2 , . . . , L ,  L > 2, close to A2jo. 
Furthermore, it follows from (3) that  every solution f~e to (2) is approximated by a solution to 
W(~(p)) (4j0, 1) - P l (~ - A2jo) = 0, 
(4) 
W(~(p)) (4jo - 2, 1) - P2(~ - A2jo) = 0, 
up to O(][p[] 4) because W(-) is cubic. 
We now suppose that a2200 (see [1]) is a constant different from zero. We then obtain by a 
straightforward calculus 
1 
--az200(2pl[Pl[ 2 + 4pllP2[ 2) + Pl(A2jo -- ~e([tP[[)) = O(][P[[4), 
71" 
1 (5) 
-a2200(2p21P2[  + 4p21P2] 2) + p2(A2jo -Ue(l lp]l)) = O(llpll4), 
71" 
where p = (PI,P2) and [[p][2 = [p1[2 + ip212. 
We finally get from (5) 
[PI[ = [P2[, 
3 (6) 
f~e(llpll) = A2jo + -a22oollpll 2 + Oe(llpll3), ~ = 1, 2 , . . . ,  L. 
7l" 
In particular, the twist condition is satisfied (see [1]). We finally obtain the following theorem. 
THEOREM. Consider equations (1) with constant potentials ql(x) = q2(x) = q and a(x) = a, 
a ~ O. Suppose that G is in Aa with a220o a nonzero constant and Jo >- 1. For all except 
countably many values of a, there exist So > O, Cantor sets Ce c [0, So) for g = 1, 2 , . . . ,  L, L >_ 2, 
and C 3 families 
ve(z,t; s); ae(s)  , e = 1, 2 , . . . ,  L 
such that: 
(i) For s E Ce, ( ~ ) is a periodic solution to (1) with frequency ~e(s). 
(ii) The functions ue(x, t; s) and ve(x, t; s) are real analytic in (x, t). 
(iii) There exist (1, ~2, . . . ,  ~L such that ~e E [0, 27r), g = 1, 2, . . . ,  L and 
ve(x,t;s) - ~ cos(2j0x +~e) 
3 a s 2 with ~e(s) = )~2jo + ~ 2200 + O£(83),  g = 1, 2, . . . ,  L.  
REMARK. The physical example of electromagnetic waves in nonlinear birefringent fibers (see [7]) 
associated with q = 0 and G(u, g, v, ~) = (1/2)([u[ 4 + ]v] 4) +/3tut2[v] 2 is such that a2200 = (1/2). 
CASE B. We now consider the case where a = 0 and ql(x) = q2(x) = q(x). The eigenvalues 
of --d~--~ + q ) 0 with periodic boundary conditions are then at least double, i.e., Aj = Aj q(x) 
for every j.  In what follows, we only consider the generic case with respect to q(x) for which 
Ajo = Ajo is nonresonant with (Aj) j>_o and (Aj) j_>0 • Thus, d imN = 2. 
J•Jo JCJo 
Moreover we restrict ourselves to G(u, e, v, ~) = (1/2)([u[ 4 + [v[ 4) +/3]u[2]v] 2, where/3 is a real 
constant, and we suppose that the twist condition is satisfied, i.e., we suppose that /3  ~ -1 .  
Proceeding along Part  A, we recover the existence of at least two families of periodic solutions 
U£ 
,~) to (1 ) ,g=l ,2 , . . . , L ,L>2,  suchthat ,  fo rscCeC [0, s0) so >0,  
lue(z, t; s) - SCjo(X) e~(~)~l _< Cs 2, 
[ve(x,t; s) - sKe¢jo(x ) e~(a~(~)t+e~[ _< Cs 2, 
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d 2 
where ¢/o(X) is the normalized eigenfunction of -~ + q(x) associated to AJo. Ct is a Cantor 
set ~t (s )  and ~e are, respectively, the frequency and the phase shift for every ~. 
I f /3  ¢ 1, K t  = 1 and if 13 = 1, Kt  is a positive constant. F inal ly we obtain, for every 
~= 1,2,...,L, 
( // ) ~t(s)=Ajo+ (I+B) ICjo(x)ladx s2+Ods3). 
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